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The concept of topological transformation semigroups, as studied in this paper, is a direct generalization of the topological transformation groups found in Gottschalk and
Hedlund [3] . The concepts studied in this paper also meet the results in Gottschalk [2] . We will attempt to show how the weakening of the group to a semigroup affects the results.
We will study the interplay of the necessary adjustments.
Finally, we shall show how the definitions of almost peri odicity due to Bohr [l] , Maak [5j and [6] , von Neumann [?], and Gottschalk [2] relate to each other and to the one studied in this paper. The topological definitions that we use are from Hall and Spencer [4] .
II. FRIENDLINESS AND ATTRACTION
We shall begin with the basic definitions. Definition 1. A semigroup is a set H together with an as sociative binary operation • on H, such that there exists an element e in H, called the identity, for which h-e = h = e*h holds for all h in H.
Definition 2. A group G is a semigroup in which for every g in G, it is true that there exists an element g~^ in G, called its inverse, such that g*g~^" = e = g -1 -g. (3) ((x,t)IT ,S)TT = (x,ts)rr for all x in X and all pairs t and s in T.
In order to simplify the notation and the formal manip ulations, we adopt the conventions that t*s will be written ts and (x,t)TT = xt. Now (2) above reads xe = z and (3) reads (xt)s = x(ts). Hence we may write xts without introduc ing ambiguity.
The definition of a topological transformation group as found in Gottschalk and Hedlund [3] is the same as Defini tion 4 with the exception that T is a topological group.
The definition of a topological group is similar to that of Proof: Let t be fixed. If xt -yt, then -T ' 1 4» (xt)t~ = (yt)t~ or x = y. Thus 1% is one-to-one. FurtherIf more (XTI*) TT* = (xt)t" 1 = x, so that (TT^) 1 = TT* is a continuous mapping. Hence TT* is a homeomorphi sm. Example 1. Let X = f real numbers; usual metric topology}.
Let T E { non-negative integers; addition; discrete topology}.
Define TR by the equations (X,O)TT = x, and (x,n)TT = c for n 51. It is easy to see that this defines a topological transformation semigroup. Now XTT 1 = c for all x in X. Thus TT^" is not one-to-one and a fortiori not a homeomorphi sm.
In some special cases something can be said about the t-transitions. Indeed we have the following lemma and theorem. Lemma 1. Let (X, T,TT) be a topological transformation 4- semigroup. Let X be compact and Hausdorff. Then IT is a closed mapping.
Proofi Let Y be a closed set in X. Since X is compact, Y is compact. YTT 1 ' is a continuous image of a compact set,
thus it is compact. Since X is Hausdorff Y TT u is closed. Theorem 2. Let (X, T,7T) be a topological transformation semigroup. Let X be compact and Hausdorff. Let xt = yt imply that x = y. Then TT* is a homeomorphi sm.
Proof: By Lemma 1, TT* is a closed mapping. tt^ is one-to-one on X to its range. Thus it is a homeomorphism. Definition 6. xT = {xtl is called the orbit of x. t 6 T Example 2. X = {x, O^x^l; relative metric topology}, a) T z I" real numbers ; addition; usual metric topology}. b) T i { non-negative reals; addition; relative metric tot pology}. Define TT by the equation (x,t)"rr = r .
-x + xe
The continuity of TT follows from the fact that the de nominator is zero only for x = (1 -e^)"^ which is impossible since (1 - is never in the range [0,l] for a finite value of t. . Evidently (X,O)TT = ^^ _ = x. Also we J_ J. ---X •*»" X xe s t e have ((x,t)TT ,S)TT = -1 -x + xe 1 + -r(e s -1) 1 -x + xé 1 -x + xe^+ xe t e s -xe* ~ 1 -x + xe t+s ~ (x,t+s)lT Actually, this is an example of the classical origin of the t study of topological dynamics. y(t) = -r is the 1 -x + xe solution of the differential equation y' = yCl -y), y(o) = x, where ( 1 ) = . The solutions of an autonomous system, that is y' = f(y), will generate a topological transformation group or semigroup if f is restricted so that solutions are unique. The requirement that the system be autonomous is sufficient to insure that condition (3) of Definition 4 is satisfied.
There are several characteristics of the above example worth noting. Firstly, for x = 0, xT = {0} and for x = 1, xT = {l}. Disregarding these exceptional values for y(t), we see that y'(t) = y(t)(l -y(t))> 0. Moreover lim y(t) = 1 and lim y(t) = 0. Thus xT = (0,1) for t -»+ 00 t-4» -oo Example 2a, and xT = [x,l) for Example 2b. In Example 2a,
x is in the interior of xT and xT = X for all x such that 0< x <1. Furthermore, if the orbits xT and yT intersect at all, they are identical. These statements are not true for Example 2b. These arguments show how the weakening of the group to a semigroup may radically affect the results even though the topological transformation semigroup is a sub system of a topological transformation group. We might note that the orbits in the semigroup sense are the semiorbits of differential equation theory.
We will now construct an example of a topological transformation semigroup which cannot be considered as a sub system of a topological transformation group. We then know that the analysis of topological transformation semigroups is not subsumed under the analysis of the already known study of topological transformation groups. Example 3. Let X = { x = (x^, ..., x^), x^> 0, Z. x^ = 1;
Let T I f non-negative integers; i=l addition; discrete topology}. Let P be an n-rowed square stochastic matrix, that is, for any row z of P it is true that z is in X. We now define TT by the equation (x,m)TT = xP m , where P° = I, the identity matrix. It is easy to verify that xP is in X so that TT is a well defined mapping of X X I into X. The continuity of TT follows from the fact that it is linear in x and that T is provided with the discrete topology. We see that xe = xl = x and that (xt)s = (xP*)P s = xP t+s = x(t+s).
X is the space of probability n-vectors and P is the matrix of transition probabilities which generate a finite Markov chain. xT in this case may be interpreted as a sequence of probability distributions evolving as prescribed by P. We cannot, in general, expand this system so that T becomes a group. If we could, then condition (3) of Defini tion 4 would require that P~^ exists. This is not always We will now develop some relationships between the behavior of the orbit closures and the friendly condition.
From now on, the hypothesis that (X, T,TT) is a topological transformation semigroup will be used but not explicitly stated each time. is friendly at x and xt Q is in yT for some t Q in T, then 2F = yT.
Proof: Suppose y is in xT and let t Q be arbitrary but Proof : (==$») Let U x and t be given. Since (X, T,TT ) is friendly at x there exists an s in T such that xts is in U x , that is xtT 0 U x ^ 0. Hence x is in xtT.
) Let U x and t be given. Since x is in xtT it is true that xtT 0, that is, there exists an s in T such that xts is in U x .
Hence (X, T,IT) is friendly at x. We may ask whether (X, T,TT) friendly at x implies that
given U x and t it is true that there exists s in T such that xst is in U x . This is clearly true if T is abelian or if Thus (X, T,TT) is a strong attractor at xt.
In order to show that we cannot, at least in general, expect strong theorems about the orbits, we give the follow ing example. Hedlund [3] . We require that for syndetic sets A it is true that there exist compact sets K and M such that AK = T = MA. This is stronger than necessary for the proofs of many theorems where we will use only that AK = T.
IV. ALMOST PERIODICITY
We will now study the special recursive property called Proof : Let TJ X and t be given. Since (X, T,TT ) is almost periodic at x there exists a syndetic set A such that xA C U x . But the syndetic sets are the relatively dense sets so that A contains a sequence {t^l which marches to V n n=0 infinity so that for any given t there exists n Q such that is almost periodic at x. If M is a compact set such that AM = S and K is a compact set such that SK = T, then AMK = T.
But MK is a compact set so that A is also syndetic in T.
Thus (X, T,TT ) is almost periodic at x.
The original definition of almost periodicity was ap plied to complex valued functions of a real variable. We One of the early generalizations of almost periodicity is due to von Neumann. The almost period functions on a group were also studied by Maak. Maak [5] showed that the two definitions were equivalent and. that the class of Theorem 20. (Gottschalk) In order that (X, T, TT ) be Gott schalk almost periodic at x it is necessary that xT be minimal.
If xT is compact, then this condition is sufficient.
The relationships between Gottschalk almost periodicity and our almost periodicity are not simple. We will show that the concepts are not equivalent even under strong condi tions on X. They will be the same if T is the non-negative reals or non-negative integers under addition and usual topology. We note that eâ C U @ implies that A = {e}. Thus no matter what set we take for K, we must have e in tK for all t in T in order to have Gottschalk almost periodicity at e. But it is not true that e is in tK for all t in T, for example e is not in aK regardless of what subset we pick for K. We see that these two types of almost periodicity are not equivalent even though X and T are compact, metric, and almost every other topological adjective except connected.
This example also shows that the conclusion of Lemma ** does not hold for all topological transformation semigroups.
(X,-T,"n) is not friendly at e, because given U 0 = fe) and a, there does not exist s in I such that eas is in U fî . This fact is not unrelated to the failure of (X, T,TT) to be Gottschalk almost periodic at e. 
The details of this example are given in the Bohr paper.
We give the essential characteristics without proof, u^ is a ^-translation number for f (x) and for lim f (x) for all n-> 00 m such that l^m^n and only such m. f(x) = lim f (x) n exists because f m (x) = f^(x) for fxj u^_^ and m% n. The author wishes to take this opportunity to thank Dr. Carl E. Langenhop for introducing him to almost peri odicity and topological dynamics and for giving helpful sug gestions throughout the preparation of this paper.
